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Abstract: Interpatient variability is a main challenge in model-based closed-loop anesthesia,
mainly due to poor modeling of peripheral compartments which are weakly informed by clinical
data. This paper proposes a tube MPC framework that treats their influence as additive
disturbances. Additionally, a new co-administration approach is developed, and a shrinking-
horizon strategy is employed to reduce the computational burden of the MPC algorithm. The
proposed controller is then evaluated against a baseline PID controller from the literature.

Keywords: Control in system biology, Model predictive control, Applications of optimal
control, Biological and pharmaceutical systems, Total intravenous anesthesia, Drug control.

1. INTRODUCTION

During total intravenous anesthesia (TIVA), anesthesiol-
ogists adjust drug infusion rates to maintain the depth
of hypnosis (DoH) within a suitable range. Closed-loop
anesthesia systems have shown promising results in clinical
settings (Schiavo et al., 2021). Several strategies have been
proposed in the literature, such as PID control for propofol
administration (Van Heusden et al., 2013), PID control for
propofol and remifentanil co-administration (Merigo et al.,
2019), and model predictive control (MPC) for optimal
drug delivery (Aubouin-Pairault et al., 2024).

A common limitation affecting the aforementioned meth-
ods is the lack of analytical performance guarantees. Al-
though they have been validated through realistic simula-
tions and clinical trials, formal guarantees can strengthen
the trust of clinicians in automated drug delivery systems.
In addition, drug co-administration introduces further
limitations. The interaction of propofol and remifentanil
creates two degrees of freedom, where multiple drug com-
binations can yield the same DoH level.

A solution to the first issue was proposed in Fiacchini et al.
(2016) where an invariant control law was developed to
maintain the evolution of the system indefinitely within
a desired subset of the state space. The second issue is
addressed by exploiting the structure of the model, such
that a clinically relevant target concentration of one drug
is selected, and the corresponding equilibrium of the other
drug is computed accordingly.

* This work was supported by the Clinical project, funded by ANR
grant ANR-24-CE45-4255, the FMJH Program Gaspard Monge for
optimization and operations research and their interactions with data
science, and the joint ANR-JST project CyPhAL

This work presents a novel tube-based MPC scheme that
guarantees a desired DoH under constrained operation
during anesthesia induction. It also introduces a new co-
administration method in which propofol and remifentanil
are dosed according to their equilibrium concentrations.

Although the analysis herein focuses on robustness against
interpatient variability in muscle and fat compartments,
the proposed framework can accommodate more general
disturbance sources. A clinically relevant example is the es-
timation error introduced when blood and effect-site con-
centrations are reconstructed from DoH readings. These
concentrations are assumed to be measurable in our for-
mulation; however, they can be estimated using available
methods in the literature, e.g. Moussa et al. (2023).

The paper is organized as follows. Section 2 recalls the
standard anesthesia model and the steps for equilibrium
computation and model reduction. Section 3 outlines
the control objective and design requirements. Section 4
presents numerical simulations and comparisons. Finally,
Section 5 closes the paper with concluding remarks.

2. ANESTHESIA MODEL

Compartmental modeling is used to represent the human
body as interconnected compartments, each characterized
by specific volumes and clearances. The hypnotic effect is
measured using the bispectral index (BIS € [0, 100]). The
BIS response to drug administration is modeled using the
Response Surface Model (RSM) in Minto et al. (2000),
which follows a sigmoidal Hill relationship. The study
in Bouillon et al. (2004) identified the RSM parameters
through clinical experiments based on the models in Minto
et al. (1997); Schnider et al. (1999). In the following study,
the Schnider, Minto, and Bouillon models are adopted to
describe anesthesia dynamics and drug effect.



2.1 PK-PD Modeling

Pharmacokinetics (PK) describe drug distribution from
the central compartment (blood) to peripheral compart-
ments (muscle and fat) and elimination via the liver and
kidneys. Pharmacodynamics (PD) describe the physical
effect of drugs on the patient. The first part of the PD
model is a linear mapping that captures the delay between
the change in drug concentration in blood and its corre-
sponding change in the effect-site (brain). The 4" order
PK-PD model for single-drug administration is given as:

ki1 k12 ki3 O b

o kgl —kjgl 0 0 _ 0
Adrug - k31 0 7]4331 0 ) Bdrug - ol (1>

keO 0 0 _ke() 0

For the case of co-administration, the continuous-time
model in (1) is expressed in the following decoupled form:

A 04 4 B 04 1
A= pomax B= poex 2
(04><4 Ay ) ’ <04><1 B, )~ @)
which can be compactly written as:
& = Ax + Bu, (3)

where Ay, B,, A, and B, correspond to the state and
input transition matrices of propofol and remifentanil,
respectively. The state vector z = (x,, z,,)" € RS, with
Ty € R* and z, € R*, represents the concentration of drugs
in the blood, muscle, fat, and effect-site compartments,
while u = (uy, u,)" € R? denotes the infusion rates.

Finally, the system in (3) is discretized with a sampling
time ts = 1s. The discrete-time PK-PD model is given by:
T = Aqzy, + Baug, (4)

where Ay and By are the discrete-time counterparts of the
state and input transition matrices in (2).

2.2 Output Mapping

The second part of the PD model consists of a nonlinear
Hill function that maps the effect-site concentrations to
the level of brain activity. The BIS signal is modeled as in
Bouillon et al. (2004), such that:

_ Ul(wpa, m4)” ) (5)
1+ U(.’)’Jp47 .’I?T4)7 ’
where BISy = 97.4 is the baseline BIS value, v = 1.43 is

a slope coefficient that describes the steepness of the Hill
curve, and U(-) is a drug interaction term defined as:

BIS = BIS, <1

mp4 Trg 6
CSOp C1507" ( )
Here, Cs0p = 4.47 and Cso, = 19.3 are the half-effect
concentrations of propofol and remifentanil, respectively.
Note that the Bouillon et al. (2004) model assumes a
purely additive interaction between propofol and remifen-
tanil. This simplification can be relaxed without affecting
the validity of the proposed approach. Throughout, let
BIS € [Bil& BIS] denote the safe surgical range, where

BIS and BIS are its lower and upper bounds.

U(pr4, $T4) =

2.3 Equilibrium Computation

Equilibrium is reached when drug concentrations are main-
tained equal and constant in all compartments. From (3),

the state z. = (xpe, Ty)| and input u, = (upe, Upe) T
values at equilibrium can be computed as:

{mpe = Tple = Tp2e = Tp3e = Tpde;
Upe = klOpxpeVIpa

(7)

{mre = Trie = Tr2e = Tpre = Tpre,
Ure = klOrirrerlr'

To compute z,. and z,., the BIS function in (5) can be
inverted to express U(+) as a function of the BIS:

BIS Al
Upis(BIS) — (BISO - 1) . 8)

By comparing the expressions in (6) and (8), we obtain
the following equality:
1/
1) . 9)

Tp4a + Trg (BISO
O5op 0501“ BIS

Since equilibrium computation has two degrees of freedom,

the concentrations x,. and z,. are interdependent: differ-

ent pairs can produce the same BIS value. A practical

solution is to fix a target for one drug and compute the

equilibrium value of the other as follows:

BIS Vg,
l’p4(BIS,IT4) = C50p ((BISO — 1> — 05;1 ) , (10&)

BIS Vg
274 (BIS, 2pa) = Csop <<BISO - 1) - Cp;l ) . (10b)
50p

For demonstration, a remifentanil target of x,.. = 3 ng/ml
is selected. From (10a), this corresponds to a propofol
target zpe = 3.61 mg/ml for a BIS equilibrium BIS, = 50.
These values are used in the simulations in Section 4.

2.4 Model Reduction

The final modeling step is to center the system in (4)
around the target equilibrium. Consider only the fast
equilibrating compartments (blood and effect-site), and
model the effect of the slow compartments (muscle and fat)
as an additive disturbance acting on the reduced system:
2t =A,24+ B.v+d, (11)
where A, € R*** and B, € R**? are the submatrices
of Ay and By corresponding to the fast dynamics. The
vectors z = 2y — s, and v = u —u, denote the deviations
of the fast-compartment concentrations xy and the inputs
u from their equilibrium values ¢ . and u., respectively.
Similarly, the disturbance term d = A,,w models the effect
of the slow compartments, where A, is the submatrix
of Ay that captures this effect. The vector w = x5 —
Zse represents the deviation of the slow-compartment
concentrations = from their equilibrium values z; .

Although this separation introduces modeling uncertainty,
assuming that the muscle and fat compartments are poorly
modeled is clinically reasonable. Tissue concentrations are
not measured directly, so they are poorly informed by data
and exhibit large interpatient variability.

2.5 Constraint Definition

The state and input variables are constrained within
clinically relevant values. The lower bounds correspond



to zero drug concentration prior to the initial infusion,
such that z.,;, = Og and Uy, = 0z, where 0,, is an n-
dimensional zero vector. The upper bounds are chosen as:

Tmax = ["Epl,maxa Tpe; Tpes Lpd,maxs
(12)

Tr1,max; Lrey Lre, xr4,max}—r7
Umax = [up,ma)u ur,max]—ra
where the blood and effect-site compartments are subject
to bounds large enough to account for overshoot following
the initial bolus, and the muscle and fat compartments
are considered too slow for their concentrations to exceed

equilibrium values.

For the reduced system in (11), the centered state (z, w)
and input (v) bounds are defined as:

Zmin = Lfmin — Lfe, Zmax = L fmax — Tfe,

Umin = Umin — Ue, Umax = Umax — Ue, (13)
Wmin = Ts,min — Ts,e; Wmax = Ts,max — Ts,e-
The resulting constraint sets are defined as follows:

7 = {z ER* | zpin <2 < zmax}, (14a)

V= {v € R? | vpin < v < vmax} , (14b)

W= {weR" | wmin <w < Wmax},  (l4c)

where Z, V, and W are the sets of all admissible z, v, and
w values for the system in (11), respectively.

3. CONTROL DESIGN

The objective of this study is to design a control law
that is computationally efficient for online closed-loop
operation, strictly enforces the physical rate limits of
the infusion pumps, safely drives the BIS to its target
equilibrium (e.g., BIS. = 50), and maintains the BIS signal
indefinitely within a safe range suitable for surgery, e.g.
BIS € [40, 60]. Model predictive control (MPC) is well-
suited to satisfy these requirements as it handles state and
input constraints and provides guarantees on asymptotic
tracking of BIS, and containment of BIS within the
prescribed region through properly designed terminal cost
and constraint set.

For our development in this section, we recall the fol-
lowing set-theoretic concepts. Given two sets S, 7 C R",
their Minkowski sum and Pontryagin difference are given
by S&T = {s+teR"|seS,teT},and SOT =
{se€S|s+teSVte T}, respectively. Given a matrix
M e R™*™ we have MS = {Ms e R™ | s € S}.

3.1 Tube-based MPC

The main challenge in meeting the prescribed objectives is
the introduction of the disturbance term d in (11), which
can drive the system away from its desired trajectory. Al-
though deterministic MPC exhibits a degree of robustness
to such disturbances, it cannot formally guarantee robust
stability or satisfy safety requirements. To address this
limitation, tube-based MPC explicitly incorporates the
effects of disturbances into its design by parameterizing
the control input as up = vx + K.eg. This allows us to
decompose the system into nominal and error components:

zt = A,z + B,7, (15a)
et = (A, + B.K.) (2 — %), (15b)
where Z is the disturbance-free nominal trajectory, e is
the deviation of the nominal trajectory in (15a) from the

real system in (11), and K, is a feedback gain designed to
maintain the real state z in a bounded neighborhood of Z.

Remark 1. While the tube-MPC framework is developed
herein to handle additive disturbances arising from poorly
controllable slow dynamics, it can be extended to address
other clinically and practically prevalent sources of uncer-
tainty.

Upon analyzing (15b), we compute a set that bounds all
possible deviations from the nominal trajectory. The orig-
inal constraints of the nominal system are then tightened
using this set. This guarantees that the real trajectory
remains contained within a tube around the nominal one.

3.2 Disturbance Set and Constraint Tightening

Since the concentrations of the slowly equilibrating com-
partments satisfy w € W, the resulting additive distur-
bance term d is contained within a compact set:

D={deR"| Aywmin <d < AyWmax}.  (16)
For the error dynamics in (15b), the minimal Robust

Positively Invariant (mRPI) set, denoted as £, is the
smallest set that satisfies:

Aclgoo S D g 5007 (17)

where A.) = A, + B, K.. Intuitively, this set represents all
possible accumulated effects of past disturbances and, as
such, contains all possible error trajectories. Provided that
Ag is Schur-stable, £, can be expressed as:

goo = é AélDa
=0

where each intermediate set &, = @2:01 AL D is the k-step
reachable set representing all possible errors accumulated
over k steps. The iteration in (18) only converges to a
bounded set under specific conditions (e.g., when A is
nilpotent). As such, practical computation requires over-
approximation methods to find an invariant &, as in

(Blanchini et al., 2008; Kolmanovsky and Gilbert, 1998).

(18)

Thereafter, to ensure robust feasibility, the original state
and input constraint sets can be tightened as such:

7Z=76¢E,
V=Vo K.y,
and then imposed on the nominal system.

(19a)
(19Db)

3.8 Terminal Set Computation

To satisfy the pre-defined objectives, a terminal set must
be designed to enforce the safe BIS range. This range can
be formulated in terms of constraints on the interaction
term between the effect-site concentrations. From equa-
tions (6) and (8), we obtain the following inequality:

Ubis (B718) <U ('Tp47 xr4) < Upis (BIS), (20)
where any state pair (zp4, z,4) satisfying the above in-

equality guarantees that the BIS remains within the de-
sired bounds, e.g. BIS € [BiIS, BIS].




To center the constraint in (20) around the equilibrium,
we define a shifted interaction term V (BIS) = Up;s(BIS) —
Upis(BIS.). Applying this shift allows one to express the
BIS range constraint for the reduced system in (11) as:

V(BIS) < Ul(zpa, 2r4) < V(BIS). (21)

The robust terminal set Z; must then be designed to be
invariant under a nominal terminal control law vy = K, Z,
while ensuring feasibility under the tightened constraints
constraints Z,V, and the bounds in (21), denoted as S.
This set can be computed by initializing with the inter-
section Z NS and iterating backwards under the terminal
control law using standard set propagation techniques.

3.4 Owerall MPC Scheme

Based on the above development, we present the following
robust MPC scheme:

N-1
g}{ll‘% Z (||5k+j|k||2Q + |\5k+j|k||§z) + H5k+N\k||2P

= (22a)

subject to  z(k) € Zyjk ® £ (22b)
Zi1k = AdZi)k + Balgk (22¢)

Zopjk €L Vj€0,...,N—1, (22d)

Upyjik €V Vj€O0,...,N—1, (22¢)

)

(22f

where z;, = {2k+j|k};‘v:() and v = {@kﬂ‘k};\/:_ol are the
predicted nominal state and input sequences. Here, Q) > 0,
R = 0, and P > 0 is the solution to the discrete-time
algebraic Riccati equation. The corresponding terminal
control law vy = K,z is the LQR law associated with
these matrices. Note that the initial state Zz is not
necessarily fixed to the measured state but is treated as
a free optimization variable. This is possible because the
deviation between the real and nominal states is bounded
by the set in (18). As a result, any 2y, € Z that satisfies
(22b) ensures that the real state vector remains inside the
tube. The resulting feedback law is defined as follows:

u(k) = oy + Ke (2(0) = 2, ) -

where 17;‘ , and 2,’:‘ . are the optimal control input and state
at the current time step, respectively.

Zr+Nik € Ly,

(23)

Theorem 1. If the proposed optimization problem in (22)
is feasible at step k = 0, then it is recursively-feasible and
results in control actions ensuring the asymptotic stability
of the nominal system.

Proof. The proof follows from the invariance of £, Zf,
and standard MPC arguments (Mayne et al., 2005). O

Remark 2. The problem in (22) may initially be infeasible
due to the size of £, which prevents the satisfaction
of (22b). A common remedy is to temporarily revert to
reachability-based tightening of the form Z © &), and to set
the initial state as Zj, = z(k) until (22b) is satisfied. This
improves the initial feasibility of (22) while preserving the
properties in Theorem 1 (Chisci et al., 2001).

The proposed formulation assumes a fixed prediction hori-
zon. However, as the state approaches the terminal region,

the influence of uncertainty diminishes and the control
objective shifts towards maintaining the state inside the
terminal set. To reflect this, a shrinking horizon strategy is
adopted (see Algorithm 1), in which the prediction horizon
N is gradually reduced until the system enters the terminal
region. This simplifies the enforcement of the terminal
constraint (22f), reduces the number of decision variables,
and thereby reduces the computational burden while pre-
serving the robust feasibility and stability guarantees.

Algorithm 1: Shrinking-Horizon Tube-MPC

1: N ¢ Nmax
2: for k=0,1,... do

3 if Ek\k ¢Zf then

4 Ni + max(Nmax — &k, Nmin)

5: else

6: Ni < Npin

7: end if

8 if Zj, € Z satisfies (22b) then

9: Solve tube-MPC (Equation (22))
10: else

11: Zk|k £ Z(k’)

12: Solve reachability-MPC (Remark 2)
13: end if

14: Apply u(k) + Vg, 1+ e (Z(/f) - 575%)
15: end for

The condition in line 8 is satisfied when 2(k) € Z @ .
4. NUMERICAL SIMULATION

For the MPC in Section 3.4, consider the decoupled model
in (2) for a 26 year old, 180 cm, 85 kg male patient.
The MPC is initialized with maximum and minimum
horizon lengths Npya.x = 120 s and Ny, = 30 s, and
the simulation time to Tg, = 300 s. The maximum
infusion rates are 6.67 mg/s for propofol and 16.67 pg/s
for remifentanil. The upper bounds on the states are

set t0 Tmax = [20 3.6113 3.6113 5.7543 20 3 3 24.8453]T,
following the reasoning described in Section 2.5.

Figure 1 shows that the proposed MPC closely mimics the
behavior of anesthesiologists: it delivers an initial bolus of
both drugs, then gradually decreases infusion rates until
convergence to their equilibrium values. Figure 2 shows
the state evolution for different projections of the terminal
set. Both nominal and real trajectories remain contained
within the tube. Once the real trajectory enters Zg, it
never leaves, guaranteeing that the BIS evolution remains
indefinitely in the desired region.

4.1 Comparison

In this section, the proposed MPC algorithm is compared
to a baseline PID controller from the literature (Merigo
et al., 2019), using remifentanil-propofol ratios of r = 2
and r = 0.5, respectively. PID was chosen as a basis for
comparison due to its prevalence in anesthesia research. A
population of 50 adults with equal gender distribution was
generated, with age 18-64 years, height 162-190 cm, and
weight 55-97 kg.

The results in Figures 3 and 4 highlight the advantages
of the proposed MPC over the PID approach in meeting
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Table 1. Performance comparison summary.

! ! ! ]
0 50 100 150 200 250 300

BIS

40

Fig. 1. Nominal patient Input-output evolution. Horizontal
orange and black lines denote the safe BIS range and
target value. The vertical line marks sleep onset.

Tpa

Fig. 2. State evolution with respect to the the terminal set.
Red sets show projections of Z ;. Green and red circles
mark initial and equilibrium points. Blue and red
curves are actual and nominal trajectories. The green
region is the tube around the nominal trajectory.

medical requirements. The drug infusion profiles under
MPC match anesthesiologists’ common practice, while the
PID controllers deliver smaller initial dosages and converge
more slowly to their corresponding equilibria. The BIS
trajectory under MPC also converges to the target value
faster and without undershoot, while the PID controllers
exhibit a small undershoot and weaker convergence.

In Figure 4, the proposed MPC drives drug concentrations
in the blood and effect-site compartments to the desired
equilibrium. In contrast, fixed-ratio PID controllers can
lead to imbalanced drug dosing: a ratio of 2 leads to
excessively high remifentanil concentrations, while a ratio
of 0.5 results in concentrations that can be too low.

The overall performance comparison is summarized in Ta-
ble 1, reporting the time to sleep (i.e., when BIS < 60), the
Integral Absolute Error (TAE(:)) between the measured
and target BIS values, the total drug consumption, and
the final blood and effect-site concentrations.

Metric MPC PIDg 5 PID:
I o I o I o

Sleep time [s] 59.2 116 619 1.18 734 1.14
TAE(BIS — 50) 1964  33.5 2649 8.9 2967  38.4
Total up, [mg] 111.9 751 1272 7.01 93.9 3.74
Total u, [ng] 87.8 474 63.6 3.50 1879 7.48
Last p1 [mg/ml] 3.61 0.00 3.92 0.04 295 0.09
Last zps [mg/ml]  3.61 0.00 414 004 313 0.11
Last z,1 [pg/ml] 3.00 0.00 222 022 6.65 0.51
Last zr4 [pg/ml] 3.00 000 224 020 6.76 045

8 10

—— Up MPC Ur MPC

) ——UppD, 7 = 0.5 ——uppp, 7 = 0.5

6 ——Up PID, T = 2 ——UppID, ' =2
e ER
B 3

2

0r 0

0 100 200 300 0 100 200 300

k

— BISmpc
— BISpip, = 0.5
—— BISpip, r =2

BIS

Fig. 3. Average input-output evolution over time. Horizon-
tal red and black lines denote the safe BIS range and
target value. The vertical lines mark sleep onset.

Tpy

I I ] 1 I ]
0 100 200 300 0 100 200 300

x.
&
Tpy

/& 9l
(U 0

I I ] I 1 ]
0 100 200 300 0 100 200 300

‘fzmvc ——zpp, r = 0.5 ——xpp, r =2 ‘

Fig. 4. Time evolution of the mean and standard deviation
of states zp1, Tpa, Tr1, and ,4.

4.2 Discussion

The tube MPC framework provides built-in guarantees of
recursive feasibility, constraint satisfaction, and robust sta-
bility for all admissible uncertainties, which are valuable
for ensuring safety in automated drug delivery. Neverthe-
less, PID-based methods remain attractive due to their
ability to handle model mismatches. However, as more
accurate anesthesia models emerge (Eleveld et al., 2017,
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Fig. 5. Time evolution of the mean and standard deviation
of states xp2, Tp3, Tr2, and ,3.

2018), model-based methods are becoming more appealing
as performance can be guaranteed analytically. In addition
to bounding the time required to reach the terminal set,
the shrinking horizon reduces the computation at each
step. On average, the time per MPC step decreases from
tsiep = 0.0244 s t0 tgep = 0.0057 s, a 76.64% reduction.
Finally, the shaded region in Figure 5 shows that the pro-
posed MPC framework mitigates interpatient variability
from poorly modeled muscle and fat compartments.

5. CONCLUSION

In this work, a robust tube MPC framework was developed
to control anesthesia dynamics. The proposed framework
is suitable for online implementation, and introduces a
new method for co-administration by computing target
equilibria and regulating the BIS via the interaction term
between brain concentrations. However, the current for-
mulation suffers from two limitations: 1) it assumes blood
and effect-site concentrations to be measurable, and 2) it
relies on a deterministic model. Future work will address
these limitations by considering robust observer design and
incorporating modeling, measurement, and state estima-
tion uncertainties, and evaluating the sensitivity of the
controller to variations in the model parameters.
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